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0. Notation
“Space” means topological space. All spaces below are assumed to be at least Hausdorff. A subset (subspace) Y of a set
(of a space) X is proper provided Y = X .
R (respectively, N, Q, Rn , Sn) denotes the space of all real numbers (respectively, the space of all positive integers, the
space of all rational numbers, the n-dimensional Euclidean space, the standard n-dimensional sphere). T stands for the class
of all separable, metrizable, topologically complete and uncountable spaces. TSM denotes the class of all separable metrizable
spaces.
By C we denote the Cantor middle-third subspace of [0;1]. Any space, homeomorphic to C is called a Cantor set.
|X | is the cardinality of X , c is the cardinality of the continuum, ℵ0 stands for the cardinality of N.
For any space X and any of its subspaces Y , [Y ]X denotes the closure of Y in X .
IntX Y is the set of all inner points of a subspace Y ⊂ X (relative to X ).
The topological (direct) sum of the spaces X and Y is denoted, as usual, by X ⊕ Y .∏
α∈A Xα denotes the Cartesian product of the spaces {Xα}α∈A . The Cartesian product of two spaces X and Y is denoted
by X × Y .
A mapping f : X → Y of a space X to a space Y is a homeomorphic (or topological) imbedding provided f : X → f (X)
is a homeomorphism.
dim is the covering dimension function (for deﬁnition see e.g. [9,18]).
“Iff” is an abbreviation for “if and only if”. A space X is topologically complete if it is Cˇech-complete.
1. Introduction
In the category of sets and their mappings, the ﬁnite ones are precisely those sets which allow no isomorphism onto any
proper subset (i.e. a set X is ﬁnite iff there is no bijection from X onto a proper subset of X ).
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say (see Deﬁnition 4.4 below) that a topological space X is topologically ﬁnite, iff there is no homeomorphism from X onto
a proper subspace of X . Otherwise, we say that the space X is topologically inﬁnite.
Clearly, any ﬁnite space is topologically ﬁnite.
Clearly, a space X is topologically ﬁnite iff for any homeomorphic imbedding f : X → X , we have f (X) = X .
We show that there are inﬁnitely many topologically ﬁnite separable metrizable spaces of cardinality c.
The class of all topologically ﬁnite spaces is denoted by Tt f .
In [3] a non-degenerate topological space X is deﬁned to be strongly rigid if the only homeomorphism of X to X is
the identity of X onto itself. Denote the class of all strongly rigid spaces by Tsr . Obviously, Tt f ⊃ Tsr (it must be noted,
however, that the classical deﬁnition of strongly rigid is somewhat different (see e.g., [11,21]; see, also, footnote 1 below):
the class of all strongly rigid spaces in the classical sense (denoted below by T ′sr ) is essentially narrower than the class Tsr ).
In Theorem 4.26 below, for any 0  n ∞, a separable and metrizable n-dimensional topologically ﬁnite space Xn with
|X | = c and Xn ∈ Tt f \ Tsr is constructed. Thus, the class Tt f is considerably wider than the class Tsr .
In connection with the class of strongly rigid spaces in the classical sense (see [4,5,7,12,15,16,20]).
To construct X0 and X∞ we prefer the method (originally due to K. Kuratowski) described in the book by J. van Mill [17,
Example 6.13.1]. As for Xn with 0 < n < ∞, for our purpose one can put Xn = Sn .
In Section 4 some further properties of topologically ﬁnite spaces are given.
2. Some auxiliary deﬁnitions and propositions
2.1. Deﬁnition. Recall that (see [8]) a subset A of a space X is nowhere dense in X iff X \ [A]X is dense in X (or, equivalently,
intX ([A]X ) = ∅).
2.2. Deﬁnition. A subset A of a (nonempty) space X is called meager in X if A can be represented as a countable union of
nowhere dense subsets of X (see e.g. [17]).
The next four statements will be needed below.
2.3. Lemma. (For a proof, see [17, Theorem 1.5.12].) Let X, Y ∈ TSM, X be topologically complete, |Y | > ℵ0 and f : X → Y be a
continuous surjection. Then X contains a Cantor set K such that f |K is one-to-one (and hence a homeomorphic imbedding).
2.4. Lemma. (For a proof, see [17, Corollary A.8.4].) Let X, Y ∈ TSM and Y be topologically complete. Then for any subset A ⊂ X and
any continuous mapping f : A → Y there exists a Gδ-subset S of X containing A such that f can be extended to a continuous function
f¯ : S → Y .
2.5. Baire Category Theorem. Let X be a topologically complete (metrizable) space and let A ⊂ X be meager in X. Then intX (A) = ∅
(or, equivalently, X \ A is dense in X).
2.6. Proposition. Let X ∈ TSM be a topologically complete space with |X | > ℵ0 . Then X contains continuum-many pairwise disjoint
Cantor sets.
Proof. By Lemma 2.3, X contains a Cantor set K . It remains to note that K × K is homeomorphic to K . 
3. Bernstein subsets
Recall (see the section on notation) that T denotes the class of all separable, metrizable, topologically complete and
uncountable spaces.
3.1. Remark. Clearly, for every X ∈ T we have: |X | = c.
3.2. Deﬁnition. Let X ∈ T . A subset B ⊂ X is called a Bernstein set in X (or a Bernstein subset of X ) iff for every Cantor
subset K ⊂ X we have: B ∩ K = ∅ and (X \ B) ∩ K = ∅.
It is well known that every space X ∈ T contains a Bernstein subset (see [14, Chapter 3, §40, Theorem 1]).
The following propositions 3.3–3.7 are either obvious or can be easily proved using 2.3, 2.5 and 2.6. They are, of course,
well known.
3.3. Proposition. Let X ∈ T . Then:
(a) If B ⊂ X is a Bernstein set, then X \ B ⊂ X is a Bernstein set as well.
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(c) For every Bernstein subset B of X we have: |B| = c and |X \ B| = c.
3.4. Proposition. Suppose X ∈ T and T has no isolated points. Then:
(a) Every nonempty open subset of X is uncountable and hence its cardinality is c.
(b) If B is any Bernstein subset of X , then B contains no isolated point.
(c) If B is any Bernstein subset of X , then both B and its complement X \ B are dense in X.
(d) If B is a Bernstein subset of X , then IntX (B) = ∅.
3.5. Corollary. Let B be any Bernstein subset of Rn (n ∈ N). Then 0 dim B  n − 1.
3.6. Lemma. Suppose X ∈ T , X has no isolated points, and B ⊂ X is a Bernstein subset of X . Suppose, also, that U ⊂ B is nonempty
and open in B. Then U is not meager in X and U is not meager in B.
3.7. Proposition. Suppose Y ∈ T and Y has no isolated points. Let, also, U , X ⊂ Y , where U ⊂ X is open in X. Suppose that f :U → X
is a continuous mapping, which is not identity on U . Then there exists an uncountable open (in U ) subset W ⊂ U with [W ]X ⊂ U and
[W ]Y ∩ [ f (W )]Y = ∅.
3.8. Deﬁnition. We say that a topological space X has the property (∗), if for any nonempty open subset U of X and every
continuous mapping f :U → X , the following condition holds: f is either identical on U , or there exists a nonempty open
subset W of U such that f is constant on W .
The class of all spaces having property (∗) is denoted below by T(∗) .
3.9. Remark. If X ∈ T(∗) and Y is homeomorphic to X , then Y ∈ T(∗) .
The following propositions 3.10–3.13 are easy to verify.
3.10. Proposition. If X ∈ T(∗) and U = ∅ is open in X, then U ∈ T(∗) .
3.11. Proposition. Let X ∈ T(∗) and let h : X → Y be a homeomorphism. Then for any nonempty open subset U of the space X and for
every continuous mapping f :U → Y , we have: f is either a homeomorphic imbedding of U in Y , and in this case f = h|U , or there
exists a nonempty open subset W of U such that f is constant on W .
3.12. Corollary. Let X ∈ T(∗) and let h : X → Y be a homeomorphism. Then, for every continuous mapping f : X → Y , either f = h,
or there exists a nonempty open subset W of X such that f is constant on W .
3.13. Corollary. Let X ∈ T(∗) , and Y be a space homeomorphic to X. Suppose further that at most one point of X is isolated. Then there
exists only one homeomorphism from X onto Y . In particular, if X = Y , this unique homeomorphism is the identity.
Applying the same technique as in [17, Example 6.13.1] (see also [13,19]), propositions 3.3–3.13 and Lemma 2.4, one can
show the following.
3.14. Theorem. For every space X ∈ T without isolated points there exists a subspace B ⊂ X having the following properties:
(a) |B| = |X \ B| = c.
(b) B (as well as X \ B) is a Bernstein subset of X .
(c) No open nonempty subset of B (respectively, X \ B) is meager in X and the more so in B (respectively, X \ B).
(d) B ∈ T(∗) (see Deﬁnition 3.8).
(e) X \ B ∈ T(∗) .
(f) Any open nonempty subset of B (as well as any open nonempty subset of X \ B) belongs to the class T(∗) .
4. Topological ﬁniteness and topological rigidity
4.1. Deﬁnition. ([3]) A topological space X is said to be:
(a) chaotic if for any two distinct points p and q of X there exists an open neighborhood U of p and an open neighborhood
V of q such that no open subset of U is homeomorphic to any open subset of V ;
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tively, such that no open subset of U is homeomorphic to any subset of V ;
(c) rigid if it has a trivial autohomeomorphism group, i.e., if the only homeomorphism of X onto X is the identity;
(d) strongly rigid1 if the only homeomorphic imbedding of X into X is the identity of X onto itself.
Denote the class of all chaotic (respectively, strongly chaotic, rigid, strongly rigid) topological spaces by Tc (respectively,
Tsc , Tr , Tsr ).
4.2. Remark. It is known (see [2, Proposition 3.13]), that Tsc ⊂ Tsr ⊂ Tr , Tsc ⊂ Tc ⊂ Tr and, besides, none of these inclusions
can be reversed.
4.3. Remark. In [2, Proposition 3.1] it is shown that a space X is strongly chaotic iff for every open subset U of X any
homeomorphic imbedding f :U → X of U into X is the identity mapping on U .
4.4. Deﬁnition. A nonempty topological space X is topologically ﬁnite if X is homeomorphic to none of its proper subspaces.
Otherwise we say that X is topologically inﬁnite.
Clearly, every ﬁnite space is topologically ﬁnite.
We denote the class of all topologically ﬁnite spaces by Tt f .
4.5. Remark. If X ∈ Tt f and Y is homeomorphic to X , then Y ∈ Tt f .
4.6. Remark. Obviously, Tsr ⊂ Tt f .
4.7. Proposition. Let T d(∗) denote the following subclass of the class T(∗): X ∈ T d(∗) if X ∈ T(∗) and X has no isolated point. Then
T d(∗) ⊂ Tsc .
Proof. Let X ∈ T d(∗) , and suppose f :U → X is a homeomorphic imbedding, where U is a nonempty open subset of X (see
Remark 4.3). Let W ⊂ U be any nonempty open subset of U . Since X has no isolated point, W contains more than one
element. Hence (since f is injective) f cannot be constant on W . Thus, since X ∈ T(∗) , f is identical on U , which implies
that X ∈ Tsc . 
4.8. Proposition. For every integer n 0, the sphere Sn is topologically ﬁnite.
Proof. The result follows directly from [6, Chapter XVII, Problems, Section 3, Problem 2, p. 364]. 
The next proposition follows from [9, 1.8.11].
4.9. Proposition. For any n ∈ N, every subspace A ⊂ Rn with dim A = n is topologically inﬁnite.
4.10. Proposition. If a 0-dimensional space X ∈ TSM contains an uncountable topologically complete subspace (for instance, a Cantor
set or a space homeomorphic to the space of irrational numbers), then X is topologically inﬁnite.
Proof. Let H be an uncountable topologically complete subspace of a 0-dimensional space X ∈ TSM . By Proposition 2.6 there
exists a Cantor set K ⊂ H . Let K1 be a Cantor set with K1 ⊂ K and K1 = K . But K1 is a universal space for the class of all
0-dimensional separable metrizable spaces (see [9, 1.3.15]), i.e. X is topologically imbeddable in K1. Since K1 is obviously a
proper subspace of X , X is topologically inﬁnite. 
4.11. Proposition. Suppose a space X ∈ T has no isolated point, and let B be a Bernstein subset of X having property (∗) (see Deﬁni-
tion 3.8. Note that the existence of such a subset follows from Theorem 3.14). Then B ∈ Tsc ⊂ Tsr ⊂ Tt f .
Proof. It follows from Proposition 3.4(b), that B ∈ T d
(∗) . Hence, the statement follows from Proposition 4.7 and Remarks 4.2.
and 4.6. 
1 Note that the classical deﬁnition of strong rigidity is the following one: a topological space X is called strongly rigid, if the only continuous maps of X
into itself are the constant maps and the identity (see, e.g., [11,21]). The class of all such spaces is denoted by T ′sr . It is obvious that T ′sr ⊂ Tsr .
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dim Ank = k and |Ank | = c.
Proof. For every natural n > 1 and 0 < k  n − 1, we put Ank = Sk , where Sk is a homeomorphic copy of Sk in Rn (see
Proposition 4.8).
By Proposition 4.11, there exists a topologically ﬁnite Bernstein subset B of R. Besides, by Propositions 3.3(c) and 3.4(d),
we have: |B| = c and dim B = 0.
For every natural n  1 the space Rn contains R topologically and hence, it contains a topological copy B ′ of B . Put
An0 = B ′ . Then An0 is as required. 
4.13. Proposition. Every countable inﬁnite space X ∈ TSM is topologically inﬁnite.
Proof. Let A be the set of all isolated points of X . Two cases are possible: (1) A is inﬁnite, and (2) |A| < ℵ0.
Case (1). Suppose A is inﬁnite. First suppose A is closed in X . Take any a ∈ A and consider any bijective mapping
ϕ : A → A \ {a}. Then the mapping f : X → X \ {a}, where f (x) = x if x ∈ X \ A and f (x) = ϕ(x) if x ∈ A, is a homeomorphism
from X onto X \ {a}, i.e. X is topologically inﬁnite.
Suppose now that A is not closed in X . Then there exists b with b ∈ [A]X and b /∈ A. Let a1,a2, . . . ,an, . . . be a
sequence of pairwise distinct points of A such that liman = b. Then the mapping h : X → X \ {a1}, where h(x) = x if
x ∈ X \ {a1,a2, . . . ,an, . . .} and h(x) = an+1 if x = an , is a homeomorphism from X onto X \ {a1}, i.e. X is topologically
inﬁnite.
Case (2). Suppose that the set A of all isolated points of X is ﬁnite. Then, clearly, X \ A is an inﬁnite countable space with
no isolated points. Pick a point x0 ∈ X \ A, and denote: X1 = (X \ A) \ {x0}. Then X1 is an inﬁnite countable space without
isolated points as well. Since the space Q of all rational numbers is topologically the unique inﬁnite countable space without
isolated points (see [17, Theorem 1.9.6]), X1 is homeomorphic to Q. But Q is a universal space (with respect to imbeddings)
in the class of all metrizable spaces Q with |Q | ℵ0 (see [9, 1.3.G(b)]). Consequently, X is topologically imbeddable in Q
and hence in X1 too. But X1 is a proper subset of X . Thus, the proof of the statement is complete. 
4.14. Proposition. Every inﬁnite 0-dimensional compact space with a countable base is topologically inﬁnite.
Proof. Let X be such a space. Clearly, X ∈ TSM and X is topologically complete. Since either |X | = ℵ0 or |X | = c (which
easily follows from Lemma 2.3), the statement can be deduced from Propositions 4.10 and 4.13. 
The following proposition can be easily veriﬁed.
4.15. Proposition. Let (Xα)α∈I be a family of nonempty spaces at least one of which is topologically inﬁnite. Then the product∏
α∈A Xα is topologically inﬁnite.
4.16. Proposition. Let X be a non-degenerate (i.e., containing more than one point) strongly rigid space in the classical sense, which
means that the only non-constant continuous map from X to itself is the identity. Then, for any n ∈ N, Xn is topologically ﬁnite.2
Proof. (By induction.) The proposition is obviously true if n = 1. Suppose that the proposition is true for n − 1 (for some
n > 1); let us prove it for n. Assume to the contrary, that there exists a homeomorphic imbedding f : Xn → Xn such that
f (Xn) = Xn , i.e., there exists a point a = (a1, . . . ,an) ∈ Xn with f (Xn) ⊂ Xn \ {a}.
Put f (a) = b = (b1, . . . ,bn) ∈ Xn \ {a}. Clearly, a = b and consequently, there exists i0 ∈ {1, . . . ,n} such that ai0 = bi0 .
Without loss of generality, suppose that i0 = 1, i.e., a1 = b1.
Let pri : Xn → X be the i-th projection (i ∈ {1, . . . ,n}).
First of all, we shall show that for any i ∈ {1, . . . ,n} the composition pr1 ◦ f : Xn → X differs from pri .
Indeed, pr1 ◦ f (a) = pr1( f (a)) = pr1(b) = b1 = a1 = pr1(a). Thus, pr1 ◦ f = pr1.
Suppose now that i ∈ {2, . . . ,n}. Let us show that pr1 ◦ f = pri . We shall only prove that pr1 ◦ f = pr2 (the other cases
are completely analogous).
Assume on the contrary, that pr1 ◦ f = pr2.
Put A = pr−12 (a1) and B = pr−11 (a1).
Let hA : A → Xn−1 (respectively, hB : B → Xn−1) be the following homeomorphism: for any x = (x1,a1, x2, . . . , xn−1) ∈ A,
hA(x) = (x1, x2, . . . , xn−1) (respectively, for any x = (a1, x1, . . . , xn−1) ∈ B , hB(x) = (x1, x2, . . . , xn−1)).
From the assumption pr1 ◦ f = pr2 it follows that, for every x ∈ A, we have: f (x) ∈ B . Indeed, if x ∈ A = pr−12 (a1), then
pr2(x) = a1. On the other hand, pr1( f (x)) = pr1 ◦ f (x) = pr2(x) = a1. Consequently, f (x) ∈ pr−11 (a1) = B .
2 Note that for any non-degenerate topological space X and any inﬁnite set I the power X I is topologically inﬁnite. Indeed, for every a ∈ X and every
i ∈ I the space X I is homeomorphic to its proper subspace pr−1i (a) (where pri : X I → X is the i-th projection of X I onto X ).
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well. Furthermore, pr1(a) = a1 and hence a ∈ B . As f (Xn) ⊂ Xn \ {a}, we have f |A(A) ⊂ B \ {a}.
Consider now the following homeomorphic imbedding: hB ◦ f |A ◦ h−1A : Xn−1 → Xn−1. Let us show that hB ◦ f |A ◦
h−1A (Xn−1) ⊂ Xn−1 \ {(a2, . . . ,an)}. Indeed, take any point z = (x1, . . . , xn−1) ∈ Xn−1. From f |A(A) ⊂ B \ {a} it follows that
f (h−1A (z)) ∈ B and f (h−1A (z)) = a. As f (h−1A (z)) ∈ B , there is x′1, . . . , x′n−1 ∈ X such that f (h−1A (z)) = (a1, x′1, . . . , x′n−1).
As f (h−1A (z)) = a, there must exist i0 ∈ {1, . . . ,n − 1} with x′i0 = ai0+1 and hence, (x′1, . . . , x′n−1) = (a2, . . . ,an). Thus,
hB ◦ f |A ◦ h−1A (z) = hB(a1, x′1, . . . , x′n−1) = (x′1, . . . , x′n−1) = (a2, . . . ,an), i.e., hB ◦ f |A ◦ h−1A (Xn−1) ⊂ Xn−1 \ {(a2, . . . ,an)}.
Consequently, hB ◦ f |A ◦ h−1A : Xn−1 → Xn−1 is a homeomorphic imbedding with hB ◦ f |A ◦ h−1A (Xn−1) = Xn−1. This is a
contradiction, because by the inductive assumption, Xn−1 is topologically ﬁnite.
Thus we proved that for any i ∈ {1, . . . ,n}, the mapping pr1 ◦ f differs from the i-th projection pri : Xn → X .
Consequently, by [11, Lemma 2.3], the mapping pr1 ◦ f : Xn → X must be constant, i.e., for every x ∈ Xn we must have:
pr1 ◦ f (x) = pr1 ◦ f (a) = pr1(b) = b1.
This means that f (Xn) ⊂ pr−11 (b1).
Put pr−11 (b1) = C . Thus we have: f (Xn) ⊂ C . In particular, f (C) ⊂ C . Consider the restriction: f |C :C → C . As f is a
homeomorphic imbedding, the mapping f |C is a homeomorphic imbedding as well. But f |C (C) ⊂ C \ {b}. Indeed, assume,
to the contrary, that there exists a point c ∈ C with f |C (c) = b. As a1 = b1, we have a /∈ pr−11 (b1) = C which implies that
a = c. On the other hand, we must have: f (c) = f |C (c) = b = f (a). This is a contradiction because f is an injective mapping.
Consequently, f |C :C → C is a homeomorphic imbedding with f |C (C) ⊂ C \ {b}, i.e., f |C (C) = C . We get a contradiction,
because C = pr−11 (b1) is homeomorphic to Xn−1, and since (by the assumption) Xn−1 is topologically ﬁnite, the space C is
topologically ﬁnite as well. 
4.17. Proposition. Assume X1, X2 ∈ T ′sr (see footnote 1). Assume also, that no subspace of X1 is homeomorphic to X2 and no subspace
of X2 is homeomorphic to X1 . Then X1 × X2 ∈ Tsr ⊂ Tt f .
Proof. Suppose, the proposition is not true, i.e., X1 × X2 /∈ Tsr . Then there exists a homeomorphic imbedding f : X1 × X2 →
X1 × X2, which is not the identity, i.e., there exists a point (a1,a2) ∈ X1 × X2 with f (a1,a2) = (a1,a2). Put f (a1,a2) =
(b1,b2). As (a1,a2) = (b1,b2), we have either a1 = b1 or a2 = b2. Without loss of generality, suppose that a1 = b1.
Let pr1 : X1 × X2 → X1 (respectively, pr2 : X1 × X2 → X2) be the projection of X1 × X2 onto X1 (respectively, of X1 × X2
onto X2). Let also, h : X1 → X1 × X2 be the following imbedding of X1 into X1 × X2: for every x ∈ X1, h(x) = (x,a2).
Consider the following continuous mapping pr1 ◦ f ◦h : X1 → X1. As pr1 ◦ f ◦h(a1) = b1 = a1 and X1 ∈ T ′sr , this mapping
must be constant, i.e., for every x ∈ X1 we have: pr1 ◦ f ◦ h(x) = b1. This implies that f (pr−12 (a2)) ⊂ pr−11 (b1). Indeed,
any point of pr−12 (a2) is of the form: (x,a2), where x ∈ X1. As pr1 ◦ f ◦ h(x) = b1, it follows that f ◦ h(x) ∈ pr−11 (b1), i.e.,
pr1( f (x,a2)) = pr1( f ◦h(x)) = pr1 ◦ f ◦h(x) = b1. Consequently, f (x,a2) ∈ pr−11 (b1). Thus, for any (x,a2) ∈ pr−12 (a2) we have
f (x,a2) ∈ pr−11 (b1), which means that f (pr−12 (a2)) ⊂ pr−11 (b1).
But pr−12 (a2) is homeomorphic to X1, and pr
−1
1 (b1) is homeomorphic to X2. As f is a homeomorphic imbedding, the
space X1 is homeomorphic to a subspace of the space X2, a contradiction. 
4.18. Proposition. Let X = A ∪ D be a space, where A ∩ D = ∅, A is the set of all isolated points of X and A is ﬁnite, and D is
topologically ﬁnite. Then X is topologically ﬁnite.
Proof. If A = ∅, then there is nothing to prove. Assume that A = ∅, and let f : X → X be a homeomorphic imbedding. We
have to show that f (X) = X .
First note, that f (D) ⊂ D . Indeed, assume that there exists x ∈ D , such that f (x) /∈ D . Then f (x) ∈ A, i.e., f (x) is an
isolated point of X . Thus, { f (x)} is an open neighborhood of f (x) and by continuity, there must exist an open neighborhood
U of x with f (U ) ⊂ { f (x)}. But every open neighborhood of x ∈ D contains more than one point, and we get a contradiction,
because f is injective.
Further, consider the restriction: f |D : D → D which is a homeomorphic imbedding. Since D is topologically ﬁnite, we
have: f (D) = f |D(D) = D . Therefore, f (A) ⊂ A. Clearly, f |A : A → A is a homeomorphic imbedding, and since A is ﬁnite,
we have f (A) = f |A(A) = A.
Consequently, f (A) = A and f (D) = D , i.e. f (X) = X . 
4.19. Corollary. Let X be a topologically ﬁnite space of which the set of all isolated points is empty or ﬁnite. Suppose also that A is a
ﬁnite space. Then A ⊕ X is topologically ﬁnite.
4.20. Proposition. Suppose Z is a space, X and Y are open subspaces of Z , Z = X ∪ Y , X ∩ Y = ∅, both X and Y are topologically
ﬁnite and connected. Then Z is topologically ﬁnite.
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to show that f (Z) = Z .
First note that either f (X) ⊂ X or f (X) ⊂ Y .
Indeed, put M = f (X)∩ X and N = f (X)∩ Y and suppose that f (X) ⊂ X and f (X) ⊂ Y . Then M = ∅ and N = ∅. Clearly,
f (X) = M ∪ N and X = f −1(M) ∪ f −1(N). Besides, M and N are open subsets of M ∪ N . Hence, f −1(M) and f −1(N) are
open in X and (since M ∩ N = ∅) f −1(M) ∩ f −1(M) = ∅. Furthermore, we have by assumption, M = ∅ and N = ∅, and so:
f −1(M) = ∅ and f −1(N) = ∅. Thus, X is not connected, a contradiction.
In a similar way one proves that either f (Y ) ⊂ X or f (Y ) ⊂ Y .
Thus, we have to consider the following four cases: Case (1) f (X) ⊂ X and f (Y ) ⊂ Y ; Case (2) f (X) ⊂ X and f (Y ) ⊂ X ;
Case (3) f (X) ⊂ Y and f (Y ) ⊂ Y ; Case (4) f (X) ⊂ Y and f (Y ) ⊂ X .
Case (1). Since both X and Y are topologically ﬁnite, we have: f (X) = X and f (Y ) = Y , i.e. f (Z) = X ∪ Y = Z .
Case (2). Since f (X) ⊂ X and X is topologically ﬁnite, we have f (X) = X . On the other hand, since f is bijective and
X ∩ Y = ∅, we obtain f (X) ∩ f (Y ) = ∅. Thus, f (X) ⊂ X \ f (Y ). But this contradicts f (X) = X , because f (Y ) = ∅. Hence,
Case (2) is impossible.
In a similar way it can be shown that Case (3) is impossible as well.
Case (4). Suppose that f (Z) = Z . Then there exists a point z0 ∈ Z = X∪Y with f (Z) ⊂ Z \{z0}. Without loss of generality,
assume that z0 ∈ X . Since in this case f (Y ) ⊂ X , we have: f (Y ) ⊂ X \ {z0}. Consider the composition: f | f (X) ◦ f |X : X → X .
Clearly, f | f (X) ◦ f |X (X) = f ( f (X)) ⊂ f (Y ) ⊂ X \ {z0}. Thus, it turns out that X is imbeddable in X \ {z0}, which is a contra-
diction, since X is topologically ﬁnite. 
4.21. Corollary. The topological sum of any two connected and topologically ﬁnite spaces is topologically ﬁnite.
4.22. Proposition. Let Z = X ∪ Y be a topologically ﬁnite space, where X and Y are nonempty open subspaces of Z with X ∩ Y = ∅.
Then both X and Y are topologically ﬁnite.
We shall show that X is topologically ﬁnite (the proof for Y is completely analogous). Suppose the contrary, i.e., that X
is not topologically ﬁnite. Then there must exist a point x0 ∈ X and a homeomorphic imbedding h : X → X \ {x0}. Then the
mapping f : Z → Z , where f (z) = h(z) if z ∈ X , and f (z) = z if z ∈ Y , will be a homeomorphic imbedding of Z into Z \ {x0}.
This is a contradiction, since Z is topologically ﬁnite.
4.23. Proposition. Let X be a strongly chaotic space (see Deﬁnition 4.1) and n ∈ N. Then⊕ni=1 Xi , where each Xi equals X , is topo-
logically ﬁnite.
Consider the space: Z =⋃ni=1(X × {i}), where a subset O ⊂ Z is open in Z iff O ∩ (X × {i}) is open in X × {i} for every
i ∈ {1, . . . ,n}. Clearly, ⊕ni=1 Xi is homeomorphic to Z . Thus, it is suﬃcient to prove that Z is topologically ﬁnite.
Let f : Z → Z be a homeomorphic imbedding; let us prove that f (Z) = Z .
First, we show that if (i; j) ∈ {1, . . . ,n} × {1, . . . ,n} and U ⊂ X × {i} is a nonempty open subset of X × {i} with f (U ) ⊂
X × { j}, then for every (x; i) ∈ U × {i}, f (x; i) = (x; j).
Indeed, let π iU :U × {i} → U and π jX : X × { j} → X be the projections of U × {i} to U and of X × { j} to X respectively,
i.e., for any x ∈ U , π iU (x; i) = x and for any x ∈ X , π jX (x; j) = x. Consider the composition: f˜ = π jX ◦ f ◦ (π iU )−1 :U → X .
Clearly, f˜ is a homeomorphic imbedding. Since X is strongly chaotic, for every x ∈ U we have: f˜ (x) = x. Furthermore, from
f˜ = π jX ◦ f ◦ (π iU )−1 it follows that f = (π jX )−1 ◦ f˜ ◦ π iU .
Take any (x; i) ∈ U × {i}. Then f (x; i) = (π jX )−1( f˜ (π iU (x; i))) = (π jX )−1( f˜ (x)) = (π jX )−1(x) = (x; j). Thus, we have:
f (x; i) = (x; j).
Now we are in a position to establish the equality f (Z) = Z . With this goal in mind, let us take any z ∈ Z and show that
there exists a point z′ ∈ Z with f (z′) = z. Since z ∈ Z , there exists i0 ∈ {1, . . . ,n} and there exists x ∈ X such that z = (x; i0) ∈
X ×{i0}. Consider the points z1 = (x;1) ∈ X ×{1}, . . . , zn = (x;n) ∈ X ×{n}. We claim that the mapping f sends one of these
points to the point z. To this end, we ﬁrst prove that there is j ∈ {1, . . . ,n} such that f (z j) ∈ X × {i0}. Indeed, assume the
contrary. Then for any j ∈ {1, . . . ,n}, f (z j) /∈ X × {i0}, i.e., f (z j) ∈⋃ni=1, i =i0(X × {i}). Since |{1, . . . ,n}| > |{1, . . . ,n} \ {i0}|,
there exist k,k1,k2 ∈ {1, . . . ,n} such that k1 = k2, k = k0 and f (zk1 ), f (zk2 ) ∈ X × {k}. But zk1 = (x;k1) and zk2 = (x;k2).
Consequently, zk1 = zk2 , and by (1) f (zk1 ) = f (x;k1) = f (x;k) = f (x;k2) = f (zk2 ). We obtained a contradiction, since f is
injective. Thus, there exists j ∈ {1, . . . ,n} such that f (z j) ∈ X × {i0}. Put z′ = (x; j). Then, again by (1), f (z′) = f (x; j) =
(x; i0) = z.
4.24. Corollary. Let X be a strongly chaotic space, and let n ∈ N. Then the space⊕ni=1 Xi , where each Xi is homeomorphic to X, is
topologically ﬁnite.
The next corollary follows from Propositions 4.11 and 4.23.
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the space B ⊕ B is topologically ﬁnite.
As we have already mentioned above (Remark 4.6), the class Tt f of all topologically ﬁnite spaces contains the class Tsr
of all strongly rigid spaces. Now we will show that Tt f = Tsr . Namely, the following theorem holds.
4.26. Theorem. For every n ∈ {0,1,2, . . .} ∪ {∞}, there exists a separable metrizable space Xn ∈ Tt f \ Tsr with dim Xn = n and
|Xn| = c.
Proof. Three cases are possible: Case (1) n ∈ N, Case (2) n = 0, and Case (3) n = ∞.
Case (1). Put Xn = Sn . Then Xn ∈ TSM , dim Xn = n, |Xn| = c, and by Proposition 4.8, Xn ∈ Tt f . Furthermore, since there
exist nontrivial autohomeomorphisms of Sn onto itself, we have Xn /∈ Tr and even Xn /∈ Tsr , i.e. Xn ∈ Tt f \ Tsr .
Case (2). Let B be a Bernstein subspace of R such that B ∈ T(∗) . Then (see Proposition 4.11) B ∈ Tt f . Let a and b be any
two distinct points not belonging to B . By Corollary 4.19, the space X0 = {a,b} ∪ B belongs to Tt f . Consider the following
homeomorphism f : X0 → X0 from X0 onto itself: f (x) = x if x ∈ B , f (x) = b if x= a, and f (x) = a if x = b.
Obviously, f is not the identity on X0, which implies that X0 /∈ Tr and even X0 /∈ Tsr . So, X0 ∈ Tt f \ Tsr . Besides, X0 ∈ TSM ,
dim X0 = 0, |X0| = c.
Case (3). Let B be a Bernstein subspace of R∞ such that B ∈ T(∗) (see Theorem 3.14(d)). Then, by Theorem 3.14(e) and
Proposition 4.11, B ∈ Tt f and R∞ \ B ∈ Tt f . Since dimR∞ = ∞, the Menger–Urysohn inequality (see e.g. [9, Theorem 1.5.10])
implies that either dim B = ∞ or dim(R∞ \ B) = ∞. Take any of these two spaces which is ∞-dimensional, and denote it
by D .
Let a and b be any distinct points not belonging to D . Consider the space X∞ = {a,b} ⊕ D . Obviously, X∞ ∈ TSM ,
dim X∞ = ∞ and |X∞| = c. By the same argument as in Case (2), we can show that X∞ /∈ Tr . 
4.27. Remark. In Case (2) of previous theorem, the non-rigidity of X0 is achieved due to two isolated points of X0. However,
one can construct a dense subspace Xd0 of R with no isolated points such that dim X
d
0 = 0 and Xd0 ∈ Tt f \ Tr .
Indeed, let B be a Bernstein subspace of R such that B ∈ T(∗) . Then, by Proposition 4.11, B ∈ Tt f . Let also f1 :R → R and
f2 :R → R be the following (exponential) mappings: f1(x) = ex and f2(x) = −ex . Put B1 = f1(B) and B2 = f2(B). Consider
the subspace B1 ∪ B2 of R. Since Xd0 = B1 ∪ B2 is homeomorphic to B ⊕ B , we have Xd0 ∈ Tt f (see Corollary 4.25). Besides,
Xd0 has no isolated points and obviously, intR(X
d
0) = ∅, i.e. dim Xd0 = 0. Let us show that Xd0 /∈ Tr .
Note that both B1 and B2 are homeomorphic to B . Hence, there exists a homeomorphism h : B1 → B2. Consider the
following mapping g : Xd0 → Xd0, where g(x) = h(x), if x ∈ B1 and g(x) = h−1(x) if x ∈ B2. Obviously, g is a homeomorphism
from Xd0 onto X
d
0 which is not the identity, i.e. X
d
0 /∈ Tr .
4.28. Remark. In Statement 10 of [1] (see also [10]), a rigid space (a dendrite) X is presented which is not strongly rigid.
One can see, that X /∈ Tt f . Thus, Tr ⊂ Tt f . On the other hand (see the proof of Theorem 4.26), we have: Tt f ⊂ Tr . Besides
(see Remarks 4.2, 4.6, and Proposition 4.7), we have Tt f ∩ Tr ⊃ Tsr ⊃ Tsc ⊃ T d(∗) .
4.29. Questions.
(1) Does the class T d(∗) coincide with the class Tsc?
(2) For every ﬁxed natural n and every ﬁxed integer 0 k  n − 1, characterize those topologically ﬁnite subspaces of Rn
for which the dimension at each point (see [6, 1.1.B]) equals k.
(3) For every ﬁxed n ∈ N, characterize the topologically ﬁnite subspaces of Rn .
(4) Identify restrictions on mappings under which topological ﬁniteness is preserved.
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